Abstract. The purpose of this paper is to show that a complete order homomorphism and a complete orthogonal decomposition homomorphism between the non-commutative L 2 -spaces induce respectively an isomorphism and a * -isomorphism between the associated reduced von Neumann algebras.
Introduction
In [C] Connes studied an order isomorphism on a Hilbert space and introduced an orientable homogeneous selfdual cone to construct a von Neumann algebra. On the other hand, Schmitt and Wittstock [SW] introduced a matrix ordered Hilbert space to handle a non-commutative order and characterized it using the face property of the family of selfdual cones. From the point of view of the complete positivity of the maps on a matrix ordered Hilbert space, we showed in [M2] the relationship between an order isomorphism or an orthogonal decomposition isomorphism defined by Yamamuro [Y] and an isomorphism of a von Neumann algebra. In the present article we shall generalize their results to the case where a complete order homomorphism is not necessarily bijective.
We shall use the notation as introduced in [SW] with respect to the matrix ordered standard forms.
Let M n and M n,m be respectively a set of all n × n and n × m matrices over C. For a Hilbert space H and n ∈ N, put 
for the invertible map h : H →Ĥ. Throughout this paper, we assume a Hilbert space to be separable.
Results
The main results are as follows: 
We need some lemmata to prove Theorem A. 
Proof. Since for every ξ ∈Ĥ
By [C, Theorem 3.3] there exists a positive invertible operator k in M such that h * h = k 2 Jk 2 J. Note that we may assume H + = P ξ0 with a cyclic and separating vector ξ 0 ∈ H + by the unicity of the standard form. Then |h| = kJ H + kJ H + , and
This completes the proof. Proof. Let h = u|h| be the polar decomposition of h. By Lemma 1, |h| can be written as |h| = kJ H + kJ H + for some positive invertible operator k ∈ M . Hence 
Here P F denotes the projection of K 2 onto the (closed) linear span of F in K 2 . There then exists a projection P = [ a b
, where P F denotes the projection of H 2 onto the closed linear span of the face F generated by F in H ] we have pξ = eaJcJξ for all ξ ∈ K. Therefore, when ξ is an element of K + , pξ = eaJcξ = eaξ. Hence, pξ = eaξ for all ξ ∈ K because K is spanned by K + . Since e 2 P F = P F e 2 , ea = ae. Consequently, we obtain
Therefore, we obtain the desired equalities.
Remark. In the above lemma, if we assume that (eH, e n H + n , n ∈ N) is a matrix ordered Hilbert space having the conditions for a matrix ordered standard form and e is 2-positive instead of the complete positivity, then Lemma 3 holds. Namely, if there exists a matrix ordered standard form (A, K, K + n , n ∈ N) and eH
Let h = u|h| and h 0 = u 0 |h 0 | be the polar decompositions of h and h 0 = h| K , respectively. Since e is a completely positive projection, it follows from Lemma 3 that (eM | K , K, K + n ) is a matrix ordered standard form. By assumption h 0 is a order isomorphism of K ontoK. Hence by Lemma 2 |h 0 | is a complete order isomorphism on K. Therefore, |h 0 | n K + n is a selfdual cone in K n , and so isK + n inK n because of the complete positivity of h. Since f n is the support projection of h n , it follows thatK Recall that for every n ∈ N the selfdual cone H + n is generated by the elements Finally, the authors would like to express their gratitude to the members of Sendai Seminar, especially Professors T. Okayasu, F. Hiai, and K. Saitô for their useful suggestions.
